Møller's energy-momentum complex is employed in order to determine the energy and momentum distributions for a spacetime described by a "generalized Schwarzschild" geometry in (3+1)-dimensions on a noncommutative curved D3-brane in an effective, open bosonic string theory. The geometry considered is obtained by an effective theory of gravity coupled with a nonlinear electromagnetic field and depends only on the generalized (effective) mass and charge which incorporate corrections of first order in the noncommutativity parameter.
1 Introduction and Chen [22] showed that there exists a direct relationship of every energy-momentum complex with a Hamiltonian boundary term. Consequently, an energy-momentum complex provides a quasi-local, legitimate and acceptable expression. Work on this topic is still going on.
At this point it is worth noting several interesting results obtained in the last years in the study of the problem of energy localization in 2 + 1 and 1 + 1 dimensions by using energy-momentum complexes [23] . Further, a great deal of work has been done in the context of the tele-parallel version of gravity, where it is demonstrated that the energy-momentum complexes yield the same results as their tele-parallel versions [24] .
In recent years, many physically satisfactory results were obtained by applying Møller's prescription [25] . In this paper, we wish to emphasize the importance of the localization of energy using the same prescription, i.e., Møller's energy-momentum complex. To this purpose, we extend our earlier study [26] and apply Møller's prescription to evaluate the energy and momentum distributions for a metric describing a generalized Schwarzschild geometry in (3 + 1) dimensions on a noncommutative D3-brane in the context of an effective, open bosonic string theory. The rest of the paper is organized as follows: In section 2 the metric of the generalized Schwarzschild geometry and the general lines of its derivation are presented. Section 3 contains the definition of Møller's energy-momentum complex, while in section 4 we give the details of the calculations for the energy and momentum distributions. Finally, section 5 is devoted to a summary of the results obtained and to conclusions. The calculations have been performed using Mathematica and Maple, the latter having attached the GrTensor platform.
Conventions: Throughout this paper we have used geometrized units (c = 1, G = 1), the metric's Lorentzian signature is (−, +, +, +), and Greek (Latin) indices are running from 0 to 3 (1 to 3).
The Generalized Schwarzschild Geometry
The nonperturbative approach to string theory has led to certain higher dimensional, extended objects called Dp-branes and defined as spacetime hypersurfaces onto which open strings can be attached and Dirichlet boundary conditions can be formulated [27] . At low energy scales or for slowly varying fields, the dynamics of Dp-branes is controlled by the effective Dirac-Born-Infeld (DBI) action, a natural generalization of the DiracNambu-Goto action. The DBI action, obtained by one of the simplest nonpolynomial Lagrangeans invariant under reparametrizations of the world-volume, is based on a U(1) gauge field "living" on the world-volume swept out by the Dp-brane coupled to the inherent geometry of the world-volume.
In order to address the Hawking radiation phenomenon, the information loss paradox and, if possible, to formulate an effective theory of quantum gravity at the Planck scale, Kar and Majumdar [28] utilized the DBI-framework of a brane world-volume incorporating Einstein's theory of general relativity coupled to Born-Infeld nonlinear electrodynamics. Then, considering the evolution of gravity on a noncommutative, curved D3-brane in an effective, open bosonic string theory setting (by using the Seiberg-Witten map [29] , the authors transformed the ordinary gauge dynamics to a noncommutative U(1) gauge dynamics on the D3-brane) they obtained a generalized Schwarzschild geometry at the Planck scale. Essentially, in going towards the Planck regime, the authors combined an effective theory of gravity with a U(1) noncommutative gauge field and managed to proceed from a Schwarzschild-like geometry (described by eq.(11) in our previous paper [26] ), obtained with an ordinary spacetime in the classical regime, to a generalized Schwarzschild geometry on a noncommutative D3-brane, whereby a static gauge condition was used in order to incorporate a nontrivial induced metric on the brane world-volume. From a topological point of view, the generalized Schwarzschild geometry obtained describes a Euclidean manifold R 2 × S 2 . Thus, following Kar and Majumdar [28] , we consider a Euclidean world-volume spanned by (x 1 , x 2 , x 3 , x 4 ) with a signature (+, +, +, +), where the Lorentzian signature may be obtained by an analytic continuation x 4 → it, and the noncommutative D3-brane dynamics is obtained from the, appropriately modified, effective DBI-action given byŜ
where
µν is the effective metric on the brane, B µν is a constant 2-form induced on the world-volume of the brane, and the noncommutative U (1) field strength on the worldvolume is given byF
whereÂ µ is the noncommutative gauge potential and Θ is the noncommutativity parameter expressing the noncommutative corrections in the theory. Now, the action for a curved D3-brane becomesŜ
with R the scalar curvature, while the appearing (string) gauge field corrections described by the higher order terms can vanish identically in a special combination of the gauge field. Hence, the effective noncommutative string action is finally obtained aŝ
where the star * denotes the Moyal product. With a specific gauge choice for the effective metric G µν , the Schwarzschild-like geometry (eq. (11) in [26] ) can be generalized to the effective noncommutative theory (4) at the Planck scale. In other words, a generalized semi-classical solution on a noncommutative curved D3-brane with the action (3) can be constructed using the effective metric G µν . In the presence of a nonzero Neveu-Schwarz B-field (being equivalent to a constant magnetic field on the brane), the effective metric for the aforementioned geometry is finally given in spherical-polar coordinates by the following generalized Schwarzschild line element [28] :
with the effective parameters of the noncommutative formalism [30] 
where M eff is the generalized ADM mass, r 2 c acts as an effective charge Q eff , and Q is the electric charge. Keeping only first order terms in the noncommutativity parameter Θ, the line element (5) becomes:
As it is evident, the geometry is characterized only by the effective mass and the effective charge parameters. It is to be noted that the effective four-dimensional spacetime described by the line element (5) may be obtained from a five-dimensional gravity with a small scale along the fifth dimension [30] . The effective theory solution described by the line element (5) breaks the spherical symmetry, it is of Petrov type I and describes a G 2 space (two Killing vectors) which is not maximally symmetric. Further, it has an obvious curvature singularity at r = 0 and two coordinate singularities at r = r c and r = 2M eff . In fact, the noncommutative corrections may be viewed as a stretch in the event horizon of the object having this unusual exterior geometry. In the classical regime, the corrections in the effective metric are small and may be ignored. Thus, in this case, the generalized geometry described by (8) is reduced to the classical Schwarzschild spacetime geometry.
Møller's Energy-Momentum Complex
Arguing that the singling out of quasi-Cartesian coordinates in the Einstein energymomentum complex is not satisfactory from the viewpoint of general relativity, Møller [7] searched for an expression for energy and momentum that would be independent from any particular coordinate system. To that purpose, Møller seeked for a quantity with identically vanishing divergence that could be added to Einstein's energy-momentum complex so that their sum could be transformed as a tensor for spatial transformations. Møller's quantity should be form-invariant and dependent on the metric tensor as well as on its first and second derivative. Further, in linear transformations it should behave as a tensor density satisfying certain conditions (see, e.g., [31] for details). Employing this procedure, Møller arrived at the following energy-momentum complex in a fourdimensional background:
where Møller's superpotential ξ µλ ν has the form
with the antisymmetry property ξ
It is easily seen that Møller's energy-momentum complex satisfies the local conservation equation
where J 0 0 gives the energy density and J 0 i gives the momentum density components. Finally, in Møller's prescription the energy and momentum in a four-dimensional background are obtained by
Specifically, the energy of a physical system is given by
As it was pointed out in the beginning of this section, the calculations are not anymore restricted to quasi-Cartesian coordinates, but can be utilized in any coordinate system. Indeed, Lessner [32] has concluded that Møller's energy-momentum complex is a powerful expression for the localization of energy and momentum in general relativity.
Energy and Momentum Density Distributions
For the metric under consideration given by the line element (8), we obtain eight nonvanishing Møller superpotentials, with the antisymmetric property (11) taken into ac-count:
By substituting the superpotentials given by eqs. (15) (16) (17) (18) into eq. (9) we obtain the energy density distribution
while all the momentum density distributions vanish:
Thus, all the momentum components are zero. Inserting eq.(19) into eq. (14) and evaluating the integral, we obtain the energy contained in a "sphere" of radius R:
Evidently, the energy contained in this "sphere" depends only on the radius R, the mass M and the charge Q generalized by the noncommutativity parameter Θ and given by equations (6) (7) . In the zero-charge limit Q → 0, one obtains from (21):
while, in the case there are not any noncommutativity corrections, i.e. Θ = 0, (21) yields
Taking the asymptotic limit R → ∞, one derives from (21) that the energy equals the (ADM) mass M:
a result that can also be obtained from (21) when Q and Θ vanish simultaneously. However, one must point out that the energy E equals the (ADM) mass M also when Θ = 0 and R = 5 2 M. No reasonable explanation could be found for this result that was obtained also in [26] . An explanation of this rather unexpected result, namely that the energy E equals the (ADM) mass M for a finite radius R, could be possibly offered by a detailed study of the properties of the spacetime geometry described by the line element (5).
Conclusions
The different attempts made to develop a generally accepted expression for the energymomentum density yield a plethora of energy-momentum definitions. Indeed, for solving the problem of energy and momentum localization many attempts have been made in the past, but it still remains an important open issue to be settled. Even though the energy-momentum complexes are apparently useful for the localization of energy, there are still doubts that these prescriptions could give acceptable results for any given spacetime for reasons discussed in section 1. This is, among other things, due to the fact that many of the energy-momentum complexes (e.g., ELLTPW and Bergmann-Thomson) are restricted to the use of particular coordinate systems and only the Møller energymomentum complex allows one to calculate the energy distribution in any coordinate system. Nevertheless, the results obtained by several authors ([18] - [26] ) have demonstrated that the energy-momentum complexes are useful concepts for evaluating the energy and momentum distributions in general relativity.
In this work, the energy and momentum distributions for a semiclassical generalized Schwarzschild solution in (3 + 1) dimensions that reduces to the classical Schwarzschild solution in the classical regime and is derived by an effective, open bosonic string theory on a noncommutative curved D3-brane in a static gauge, with a mass and charge being noncommutatively corrected to first order in the noncommutativity parameter Θ (giving a generalized mass and a generalized charge), have been calculated by using Møller's energy-momentum complex. There are totally eight nonvanishing Møller superpotentials and all momentum components are found to be zero. The total energy contained in a "sphere" is computed, while its value is obtained in the zero-charge limit, in the asymptotic limit, and when there are no noncommutativity corrections.
Finally, an investigation of the considered four-dimensional exterior geometry described by the line element (5) showed that it is of Petrov type I. However, one must point out that this classification might change by some proper combination of mass and charge. Further, the metric describes a G2 space (with ∂ ∂t and ∂ ∂φ as Killing vectors) which is not maximally symmetric (non-zero Weyl projective tensor) and it is not an Einstein space. A calculation and examination of the curvature invariants for this metric, even though computationally tedious, would be of interest for a clarification of further properties this spacetime geometry might have.
